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^ , Abstract 

Ph. 

,^ . Dimensional reduction of maximal supergravity to two dimensions leads to an infinite- 

dimensional (non-local) symmetry group W k Eg which has a simpler action when 
the bosonic fields are dualised to an infinite tower of dual potentials. We construct 
a doubled- valued representation of its compact subgroup /C x K(E9) and we show 

5r ! that off-shell fermions take place in this infinite-dimensional representation. The 

equations of motion can be written in a fully gauge-covariant way as a selfduality 
condition for the infinite-dimensional fields. The W >< Eg global symmetry is thus 
manifest. The linear system associated to the theory is recovered in a triangular 
gauge. Finally we provide supersymmetry transformations for off-shell fields. 
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1 Introduction 

Upon dimensional on a n-torus, pure gravity exhibits a SO(n) global symmetry. When the final 
dimension is 3, this group is enhanced to SO(n + 1). In two dimensions, the global symmetry 
group contains the affine Kac-Moody extension of S0(n + 1) 1 which is related to the integrable 
structure of the reduced theory [21 El 15 • Dimensional reduction of maximal supergravity leads 
to enhanced symmetry groups E„ (51 |S] up to £"8 in three dimensions. In two dimensions, one 
gets the affine extension Eg f^llHl which has been extended by a real form W of the Witt group 
( Virasoro without central charge) [HI E] . The symmetry group is nonlinearly realized on a tower 
of dual potentials which described a a-model with an infinite-dimensional symmetric space as 
target space. In the vicinity of a generic spacetime singularity, maximal supergravity behaves 
like an infinite-dimensional coset Eio/K(Eio) and the hyperbolic Kac-Moody algebra Eio has 
been conjectured to be a symmetry of quantum M-theory |111 1121 1131 114j . It has also been 
conjectured that the symmetry group could be the triple extension En ^lElEl^lE] (the 
link between Eio and En is studied in [20]) or some Borcherds superalgebras [^1^ . 

In any case, fermions are supposed to be in a doubled-valued representation of the maximal 
compact subgroup of the global symmetry group. For finite symmetry groups appearing in 
dimension at least three, this is established, but the representation of the compact subgroup are 
not classified in the infinite-dimensional case. Fermionic representations of K(Eio) have been 
constructed for spin 1/2 23 and spin 3/2 j241 125j with a covariant derivative giving at first levels 
the correct couplings to bosonic fields. However these representations are finite-dimensional and 
are expected to be the first levels of some infinite-dimensional representations which would be 
the superpartners of the infinite set of bosonic fields. A major difficulty with Eio ^-nd En is that 
there is no explicit description of these groups and their maximal compact subgroups. The case 
of Eg is a case where the group has also infinite dimension, but with the advantage of having a 
description as the central extension of some loop group. It may therefore provide a good starting 
point for understanding further the infinite-dimensional algebraic structure of M-theory. The 
bosonic degrees of freedom belong to a symmetric space (W x Eg)/(/C >< K(Eg)) on which the 
global Eg symmetry acts nonlinearly [S] . The theory is expressed in a fixed (triangular) gauge and 
the equations of motions of bosons are obtained by a Lax pair related to the integrability of the 
model. In j26j fermionic terms were added to the bosonic linear system, so that the compatibility 
conditions give also the equations of motion for fermions. This was further studied in |27[ 128j. 
The K(Eg) structure of the theory was studied in .29, where finite-dimensional representations 
were constructed for fermions. 

In [301 ^ gauge-independent formulation of the bosonic sector was obtained: a gauge-covariant 
selfduality condition reduces the infinite number of fields to the physical ones and the usual Lax 
pair is derived from this constraint when the gauge is fixed. The same was achieved for a-models 
with rigid supersymmetry in [3J. Here we provide such a gauge-independent formulation for the 
full d = 2 A^ = 16 supergravity and we construct an infinite-dimensional representation of /C x 
K(Eg) for off-shell fermions. The maximal compact subgroup K, x K(Eg) and the representations 
are expressed in a way which should allow the inclusion in the larger structures of Eio aiid En. 

The structure of this paper is the following. In section [21 we deal with the mathematical 
aspects and we construct finite and infinite-dimensional representations of K(Eg). Besides the 
representations which are very explicitely written, tools are given which allow to construct many 
other representations. In section [HI the dualisation and the gauge-independent formulation of 
flat space cr-model is given, as it gives some pieces of the structure needed for supergravity. 
Finally in section [3 the d = 2 supergravity is derived as the solution of a selfduality equation on 
an inflnite set of fields. This gives a formulation which respect the gauge structure and make 



the symmetry manifest. We give finally the supersymmetry transformations for off-shell fields. 

2 K(E9) representations 

2.1 Algebraic definitions 

G is a real, simple Lie group and H its maximal compact subgroup K(G), fixed pointwise by 
some involution r. G is a real form of the (complex) loop group on G: elements of G are 
maps g{t) from the (positive) real line to G with some regularity conditions. Here, we request 
holomorphicity in the t variable in a neighbourhood of the unit circle. (This is a dense subset of 
all analytic functions.) The reality condition is that g{t) must be real for t real. The group low 
is given by pointwise G multiplication. H is a subgroup of G extending H. Using the involution 
r : G — s- G an involution on G can be defined: 

r: 5(t)^r(gQ)) . (2.1) 

H is the set of elements of G which are invariant under r. It should be noted that it is not the 
loop group of H. We consider H as the "maximal compact subgroup" of G. 

G has tangent (simple) Lie algebra g. we denote by the same letter r the involution on q 
induced by r : G — > G. It allows to decompose g as g = f) © f)-*" where i) and f)"*- are respectively 
the subspaces of eigenvalues +1 and —1. f) is the tangent Lie algebra of H. The Lie algebra 
of g is made of maps M+ -^ g with the same reality an regularity conditions as the Lie group 
G. The involution r : G — > G induces an involution on g, still denoted by r, which gives the 
decomposition g = f) © t) on eigenspaces of eigenvalues +1 and —1. f) is the Lie algebra of H 
and is fixed pointwise by r. 

The afhne extension g^^-* is obtained by the addition of a central charge c. The commutators 
are given by 

[a{t),b{t)]=uj{a,b)c (2.2) 

where u! is an algebra 2-cocycle jSH E] . It can be computed by the formula 

u{a,b) = j> dt{dta{t),b{t)) (2.3) 

where (•, •) is the Killing form and C is a contour invariant under t i— > 1/t and avoiding poles. 
Usually C is taken to be the unit circle. Here there will be singularities in t = ±1 so C has to be 
the mean over two contours Ci and C2 exchanged by t 1— > 1/t: 

uj{a,b) = ]-i dt{dta{t),b{t)) + ]-i dt{dta{t),b{t)) ■ (2-4) 

•J C\ J C2 

Concretely, we consider the sum of the residues inside the unit disc plus one half of the residues 
on the unit circle. 

At the group level, G'^-* elements are pairs {g{t),\) where g{t) is an element of the loop 
group and A a real number. The group law is 

(9i(t),Ai)(52(t),A2) = (5i(i)52(t),AiA2e^(s^'^^)) (2.5) 

where Vi is the group 2-cocycle constructed from w. A mixed cocycle 

S7'(a,c/) = lim rj(e''',g) (2.6) 



can also be defined [1]. 

The involution r defining the compact subalgebra is extended on the central charge by 
c I— > — c which preserves the Lie algebra structure. As a consequence, the central charge is 
noncompact and therefore the "maximal compact" subgroup of the affine extension is the same 
as the "maximal compact" subgroup of the loop extension of G. 

In this paper, G will be the exceptional group Eg, in the split form Eg^g), with its central 
extension Eg. 

In l^j it was shown that bosons of maximal d = 2 supergravity transform as a coset 

W . E« ^^^^^ 



/C X K(Eg 



W is formally the group of diffeomorphisms of the line. More precisely it is defined at the Lie 
algebra level as a real form of the Witt algebra, i.e. the complexified Virasoro algebra without 
central charge. It as real generators 

Ln = r-^'dt (2.8) 

with n € N. This algebra will be denoted by tti. /C is its "maximal compact subgroup". At the 
Lie algebra level, t is the subalgebra of fixed points of ro under the involution 

Tto : Ln — > -L-n ■ (2.9) 

This subalgebra is spanned by elements L„ — L_„. 

An element of W ix Eg is a triple ( /, V, A 1 where / is a real function t = /(s), V is an element 

of the loop group Eg and A is a real number. The semi-direct product is given by the group law 
/i, Vi, Ai) f /2, V2, A2) = f/i o /2, (Vi o /2)V2, AiA2e^^^°^^'^2)) . (2.10) 



The "maximal compact subgroup" of W x Eg is /C k K(Eg); it is the set of points fixed by 
the involution t^ built from r^, and r. 

2.2 Single-valued infinite-dimensional representations of K(Eg) 

2.2.1 c~g/t(eg) 

A infinite-dimensional representation of K(Eg) is given by the linear algebra coset eg/t(eg). This 
is for example the representation where fermions x live in the rigidly supersymmetric (T-model 
described in section|21 It should be noted that by definition this is a single- valued representation: 
it can be derived from the natural action of K(Eg) on Eg. 

The algebra coset eg/t(eg) is described by a function x(t) with value in eg up to additive 
t(eg) gauge transformations 

X{t) -^ m+m eG«(e9), (2.11) 

which is a priori independent of the K(Eg) adjoint action 

X(t) -^ H(f)x(t)H(t)-i E G K(Eg) . (2.12) 

We refer to the additive ^(eg) gauge freedom as "fermionic gauge". A gauge choice can be made 
for xit) with respect to t(cg). In particular, a "triangular" gauge imposes x(0 to be regular in 
t = 0; moreover, the t = value x \t=o must be in so(16) . In other words, there is a usual 



128-dimensional Majorana-Weyl 5o(16) spinor xo in degree and a sequence of eg-valued spinors 
Xn for higher degrees: 

X = Xo + ^t"Xn. (2.13) 

n>0 

Under the adjoint action H2.12() of K(E9), some compensating ^(eg) gauge variation may have to 
be added to preserve the gauge choice. Finahy, x transforms under K(E9) as given in (|3.68j) : 



X 



HxH"i+e (2.14) 



where ^ £ ^(^g) is chosen to restore the fermionic gauge choice, which is regularity in i = here. 
For an infinitesimal transformation 

E = l + tP6g + t-PT{6g) (2.15) 

with (5(7 G eg, the first part of the transformation act on x = J2nez^^Xn as 



n > p 

< n < p 

-p < n < 



Xn > Xn+ [5g,Xn~p] + [T{5g),Xn+p] 

Xn — > Xn + [r{Sg),Xn+p] (2.16) 

Xn > [T{5g),Xn+p] ■ 

(2.17) 



To restore the gauge Xn = for n < 0, ^ must be 

f=- E (i~"W'^5),Xp-n]+t"[55,T(Xp-n)]) (2.18) 

0<n<p 

where the second term follows from T{^{t^^)) = ^(t). Adding this to ()2.16() gives the complete 
^(eg) action on the infinite-dimensional spinor x'- 



n > p 

n = p 

< n < p 



Xn > Xn + [Sg, Xn-p] + [T{6g),Xn+p] 

Xp — > Xp + [^9^X0 - t{xo)\ + [T{5g),X2p] (2.19) 

Xn > Xn + [r{Sg),Xn+p\ " [6g,T{Xp-n)] 



With this full transformation, the gauge choice for the infinite-dimensional fermion is preserved: 
Xo is in 50(16)-*- and there are Xn £ ^8 only for n > 0. 

2.2.2 Extended representation 

The representation just described can be extended in both (compatible) ways. First, by adding 
a central charge c, the representation described is extended to 69/6(69). Under the action of 
H G K(E9), the associated field ip would transform as 

^ ^ V^+0'(H,x). (2.20) 

This infinite-dimensional additive coset can be extended further to i^irffr- In addition to 
the fields x and ^ip, there is a field ^2 with values in the Witt algebra tt), 

V^2 = E^2(n)in = V^fi5i (2.21) 



defined up to^ t: 

^^2 ~ ^^2 + C (2.22) 

for any <^ G 6. 

The K(E9) is defined tfirougfi tfie natural action of this group on the algebra tt) x eg, which 
preserves the subalgebra t x ^(eg). An element H S K(E9) acts explicitely as 

4,2 -^ V^2 + C (2.23) 

X -^ x + ^X^-^ -i^ftdM-^ + 1 (2.24) 

^ ^ V^ + f^'(H,x) (2.25) 

where C, and ^ are compensating additive transformations which can be added to preserve some 
gauge condition. 

In the triangular gauge where all fields are regular in t = 0, the action of H = 1 + f^Sg + 
t~^T{5g), taking into account compensating transformations, is as follows. ip2(n) a-^^s left invari- 
ant: 

^2(n) ' V'2(n) (2.26) 

For the field x, (|2.19() is modified: 



n > p 

n = p 

< n < p 



Xn > Xn + [Sg, Xn-p] + [T{6g),Xn+p] - Pi^2{n-p)Sg + P1p2{n+p)T{6g) 

Xp — ' Xp + [^5, Xo - i"(xo)] + [r{5g),X2p\ (2.27) 

Xn > Xn-[5g,T{Xp-n)\ + [T{5g),Xn+p\+V'4^2{p-n)^9+V'4'2{n+p)T{59) ■ 



2.3 Finite-dimensional representations of K(E9) 

Finite-dimensional representations of K(E9) can be obtained from the following observation: if 
S is in the extension H of H as defined in section [TTl then H |t=±i is in H. Indeed, an element 
H of G is in H if 

^{t)=T(E(\\] . (2.28) 



J, , 
For t = ±1, this reads 

H(±l) = r(H(±l)) : (2.29) 

H(±l) is a fix point of the involution r, i.e. it is an element of H. Therefore, any representation 
ii of H on a vector space F gives two representations of H on F, through the composition of 
representations 

H — ^ H — > End(F) 

The maximal compact subgroup of G = Eg is H = SO(16)/Z2. According to what we have 
explained, any represention of SO(16)/Z2 gives rise to two representations of K(Eg). Spinorial 
(doubled- valued) representations of SO(16)/Z2 are thus finite-dimensional spinorial representa- 
tions of K(Eg). 

An important representation, in which the supersymmetry parameters will be taken, is given 
by the finite-dimensional vector representation of SO(16)/Z2 at t = =Fl. We denote them by 
16±. Because of the precise form of the Z2 quotient, these representation are doubled- valued. 

^In fact, it would be consistent to take any subgroup of t instead of t itself. However this would result into a 
representation reducible with respect to K(E9): the elements which would be added by reducing the denominator 
of the coset would simply be trivial with respect to K(E9). 



More generally, finite dimensional representations can be constructed using the quasi-triangular 
structure of K(E9) (or more generally K(G*^^'')). As ^(eg) elements have to be regular in i = ±1, 
they can be expanded in positive powers of u^ = j^ ^^ : 

SE{u^) = u^6Ei + u^^dE2 + u^^SEs + ... (2.31) 

Truncating this expansion to some given degree preserves the algebra structure. A representation 
of this truncation is therefore a representation of ^(eg). The finite-dimensional representation 
we have just described corresponds to the case where only the first term is kept. 

Even more generally, u can be mapped to some element C/ by a ring morphism. The trun- 
cation to some power of u is the special case where U satisfies [/"" = 0. 

2.4 Infinite-dimensional fermionic representation of K(E9) 

Using the tensor product, other representations can be built from the building blocks described 
above. In particular, we consider the infinite-dimensional representation IG-t x {^!/^f \ • As 16-|- 

and ^^^/'\ are respectively double-valued and single-valued with respect to K(Eg), the product 
representation is a doubled- valued representation. Explicitely, the elements of this representation 
are described by 16 'i/'2± ™ ^he Lie algebra defined up to the addition of 16 C± £ ^,16 x± ^ ^8 
modulo additive €(eg) transformations parametrised by 16 compact generators ^^ G ^(fg); and 
finally 16 tf^^. corresponding to the central charge. 

Under the action of H G K{Eg), Vli' X± ^^^ y± transform as 

V^L -^ {E\t=^iy' i^i^ + li (2.32) 

Xi -^ {E\t=^ryj{ExiE-^-i^i^lhdtEE~^)+l' (2.33) 

V^4 -^ {E\t=^iY'{i^i + ^'{E,xi)) (2.34) 

where C± a-^d ^^ ^^'^ compensators to maintain the "fermionic gauge" of additive t ix t(eg) 
transformations. Although xiz is defined up to elements of 16± x t(eg), i7'(S, x±) is well-defined: 
Vt and therefore Q.' vanishes when both arguments are "compact" . 

It will be convenient to use a gauge where V'2± ^^d X± ^^^ regular in t = 0: 

V^2± = E*"^2±(n)*^* (2.35) 

n>0 

x4 = E*"xiw (2-36) 

n>0 

Each x±n ^^s a part invariant under r, \x±n ^'^^ and an anti-invariant part x±n'^ ■ ^^ 
addition to the regularity condition, we use C± o ^ so(16) to set x± o ^ 50(16)"*-, i.e. X±o ~ 
X± qY^- X± are thus described as 

Xi = x'4 Y^ + Y^e (ixl;f X^^ + x'^ yA (2.37) 

where /, J.,K are vector indices and A a spinor index with respect to 5o(16). 



In this gauge, infinitesimal transformations are given by (|2.26l) and H2.27() plus the term 
acting on the / index. For H = 1 + (i^ + t~P)6g with Sg = ^Sg^"^ X^-^ G 50 (16) it is 

^2±H -^ ^L(n)^^^9''^PL(n) (2-38) 



and 

n> p : x±, 



-^ X±,n + [^9 , X±,n-p + X±,n+p] T 25g^\i^^ 

+P (-^2±{n-p) + ^Lin+p)) ^9 

n = p : x±,p -^ X±,p + [Sg , 2x±,o + X±,2p] T 25g'\ip (2.39) 

0<n<p : x±,n — ' X±,n + [^9 , X±,n+p - ^ix±,p-n)] =F 26g^-^xi,n 

+P (^2±(p-n) + ^L{n+p)) ^9 

whereas for H = 1 + (i^ - t~P)6g with 6g = 6g^Y^ G so(16)-^ it is 



and 



™ > P : X±,n ' X±,n + [Sg , X±,n-p " X±,n+p] + P [-'^i±{n-p) " '^2±(n+p)) ^9 



= V ■■ X±,p -^ X±,p + [Sg , 2x^,0 - X±,2p] (2.41) 

0<n<p : X±,n ' X±,n - [Sg , X±,n+p + ^(X±,p-n)] + P {^2±(p-n) " ^L{n+p)) Sg ■ 

The product representation described is not necessarily irreducible. In particular, the quasi- 
triangular structure of K(E9) allows to perform consistent truncations at lower levels in the u 
expansion, because lower levels cannot be reached from higher levels (which may destroy the 
truncation) . 

A general element of the representation we are interested here is not necessarily regular in 
t = ±1. Nevertheless, it can be written as a limit of regular elements. So let us consider a 
X± which is regular at the fixed points t = ±1 and let us denote by x± its value at t = ^1: 
X± = X± |t=Ti- ^^ ^^ forget ■02±' it follows from l|2.33j) that x± sees only H |t==pi which belongs 
to SO(16)/Z2. As a consequence, x± = X± Y^ (There could be terms of the form x± X'^^ 
but they would be pure gauge: the linear gauge freedom ^ \t=^i€ 5o(16) can been used to set 
X± |i=q;i= x± Y G 50(16)-*-.) can be restricted to an irreducible representation of SO(16)/Z2. 
Namely, for matter fermions of d = 2 supergravity, we will take the t = =pl values to be 
Major ana- Weyl spinor: 

xi = r'^AX±Y^- (2-42) 

(In this case, the representation may be truncated further in degree 1: the mixed symmetry 
part can be set to zero.) If V'li is nonvanishing, it generates a term in the variation of x± which 
does not preserve the truncation. However, because of the triangular structure of K(E9), it can 
be safely projected to preserve the truncation. We denote by 



this projection 



^^IhdtEE-')^ (2.43) 



If there are poles at the fixed points t = ±1, the function can be seen as the hmit of regular 
functions. As a consequence, the truncation can be performed on the higher order pole at the 
fixed point t = =pl. (However, this means that we do not consider addition of elements in 
the representation, but only the action of the group K(E9). If one want to have an additive 
structure, the truncation can only be imposed on some fixed maximal degree pole.) 

2.5 Action of /C 

There is a natural action of tv and therefore t on all t-dependent fields. When acting on eg, 6 
preserves the decomposition eg = i{tg)(Bt{cg)-^; gauge elements in ^(eg) remain in ^(eg) and there 
is thus a well-defined induced action on the coset eg/t(eg). It can be remarked that "compact" 
generators Ln — L-n = — (i" — t~^)tdt vanish at t = ±1, so that the t = ±1 values of an element 
of K(Eg) are left unchanged under the action of /C. As a consequence, the truncation performed 
in section 123] is preserved. Moreover, the finite-dimensional representation defined through this 
special points do not see directly the action of /C. Therefore, fermions in IG-t x (eg/t(eg)) or one 
of its subrepresentations are in the same representation of t, given by the action L„ — L_„ on t. 
The scalar field p is promoted to an element of the coset >V//C jU] . The field strength has 
values in the Lie algebra coset ro/t: it is an element of ro 

Afof-^dt = Y,AnLn (2.44) 

defined up to t gauge transformations. The supersymmetric partners ■i/'li are fermions in the 
representations 16± x (tt)/6): 

neZ 

up to additive I transformations 

V^L -^ i'i± + ^n(r - t-")t5i . (2.46) 

As for other fields, the triangular gauge is defined as regularity in t = 0, i.e. vanishing of terms 
of negative degree in the t expansion. 

For all fields, the bare action of /C can break the gauge choice; in this case, it must be followed 
by compensting gauge transformations which restores the gauge. 

The action of /C and K(Eg) are combined into a semi-direct product /C x K(Eg), because 
/C acts on K(Eg). We have remarked that the i = ±1 values of an element of K(Eg) are left 
unchanged under the action of /C, so that the finite-dimensional representation defined through 
this special values do not see directly the action of /C. However, if some K(Eg) compensating 
transformation is needed to fix the gauge on some field like V, the action of /C will be seen even 
on finite-dimensional representations through this compensator. 

3 Flat space cr-model 

The d = 2 fiat space^ cr-model on a symmetric space G/H can be seen as a cr-model on an 
infinite-dimensional symmetric space G/H constrained by a selfduality condition. |31j 

^We will use here Lorentzian signature but results can be adapted to Euclidean space. 
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3.1 Pure bosonic model 

3.1.1 Description of the model 

The bosonic a-inodel is given by a field from 2-diniensional spacetime to the target space G/H. 
Practically, one considers a field V(x) in G, with gauge group H. The field strength 

g = dVV'^ (3.1) 

is a g-valued 1-form and can be decomposed as 

g = Q + P (3.2) 

with Q ei) and P G f)^. 

From its definition, Q satisfies a Bianchi identity, which is the pull back of the Maurer-Cartan 
equation: 

dg = gAg. (3.3) 

Decomposed on f) © f)-*-, it reads 

dQ = QaQ + PaP (3.4) 

dP = [Q,P] . (3.5) 

This latter equation can be rewritten as 

VP = (3.6) 

with the H-covariant derivative 

V = d-[Q, •] . (3.7) 

Under a gauge transformation 

V(x) — > E{x)V{x) (3.8) 

with H(x) G H, P is covariant whereas Q transforms as a gauge connection: 

P — > EPE~^ (3.9) 

Q -^ dHH-i + EQE-^ . (3.10) 

The field strength g is invariant under a global, right action of G: 

V(x) — > V{x)A (3.11) 

with A G G. If the gauge is fixed, such a transformation can break the gauge fixing condition 
which must be restored by a local, left action of the gauge group H. In a fixed gauge, global 
symmetries act thus on the field strength through compensating gauge transformations. 
The dynamics of the a-model is governed by the action 

S=\j{P,*P) (3.12) 

where (•, •) is a H-invariant symmetric form. This gives the equation of motion 

V*P = 0. (3.13) 

11 



3.1.2 Selfduality constraint 

Let us consider a field in G/H, with a representative V{x) E G; two configurations are equivalent 
if they can be related by a gauge transformation 

V — >EV (3.14) 

with H G H. More precisely, the field lives in the adherence of G/H: poles on the unit circle are 
allowed. A crucial point is that the gauge group is H, without singularities on the unit circle. 
Otherwise, the formalism which follows would describe a null theory. 
The loop algebra field strength Q can be decomposed on f) © J)-*- as 

g = X + y (3.15) 

with X and y respectively invariant and anti-invariant under r. Expanding Q as 

g = ^rAn (3.16) 

nez 

with An £ Q, we have 

X = i ^ (tM„ + t-"T(.4„)) (3.17) 

y = ^ i; (t"^n - t-M^n)) . (3.18) 

We define a selfduality operator 5 on g as 

S: ea — ^-t^-"r(*a) (3.19) 

where a is a 3- valued 1-form. This allows to consider the selfduality constraint 

Sy = y. (3.20) 

It can be shown [^ that 

1. this constraint is covariant with respect to f) gauge transformations; 

2. the solutions of this selfduality constraint are the classical solutions of the G/H ir-model. 

With this description, the infinite dimensional symmetry G is manifest: it is simply the symmetry 
group of the infinite dimensional symmetric space G/H. 

To see that the selfduality constraint gives the G/H ir-model, one must fix partially the 
gauge to a triangular configuration: V has to be regular in the vicinity of t = 0. In this gauge, 
g = dW^^ is also regular in t = 0: A^ = for n < in (|3.1()j) . Due to the regularity in t = 0, 
V = V{t = 0) is well defined and lives in G/H. Its derivative gives Q = dVV^^ = Aq which is 
decomposed on f) © [)-*- as ^ = Q + P. Solutions to (|3.3()j) are given by 

^„ = 2 *" P (3.21) 

for n > 0. (In Lorentzian 2-dimensional space, the Hodge star squares to the identity: *^ = 1.) 
It gives the following expansion for Q: 

g = Q + P + 2t*P + 2t^P + 2i^ *P + 2t^P + ... (3.22) 
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After resummation, this gives for the G/H field strength 

~ 1 + 1^ 2t 

^ = ^ + 13^^ + 1372*^' (3-23) 

which is the Hnear system (Lax pair) associated to the flat space cx-model. In a formal way, this 
can be rewritten as 

d=Q + l^P . (3.24) 

l — t* 

In lightcone coordinates x , the Hodge star acts on 1-forms as 

*: A± — > =F^± (3.25) 

and the linear system (|:-{.2:-{j) reads 

d±VV-' = Q± + [^P± . (3.26) 

The Bianchi identity for Q, dG = Q f\ Q gives the Bianchi identities and the equation of 
motion for the G/H a-model: 

dQ-QAQ = PAP (3.27) 

VP = (3.28) 

V*P = (3.29) 

where V is still the H covariant derivative V = d — [Q, • ]. 

3.1.3 Gauge structure 

For this flat space model, the gauge covariance is easy to check. For y satisfies t(3^) = —3^, i.e. 
y{t) = — T (3^ (j))) the selfduality constraint 1)3. 19(1 can be rewritten as 

y = t*y. (3.30) 

As left action of H commutes with shift of t-degree, this equation is indeed covariant with respect 
to such gauge transformations. 

Let us analyse in more details the H gauge structure of the theory. In a general gauge, the 
equation (|3.3()j) can be rewritten in components as 

An - r{A.n) = *" (Ao - r(Ao)) . (3.31) 

Under an infinitesimal gauge transformation with parameter JHp = f^d^p + t~^T{5^p) G f), V 
transforms as 

V — >V + (5HpV (3.32) 

so that Q = dVV~^ transforms as 

g ^g + dd^p + [jHp, ^] . (3.33) 

For the t expansion, this reads 

An > An + 5n,pd5ip + ,5„,_pdT((5Cp) + [5ip, An-p] + [T{5ip),An+p] . (3.34) 
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This transformation preserves p.31() . with 

^0 - t(^o) ^ ^0 - r(Ao) + [5Cp + riS^p), *p(^o + r(^o))] • (3.35) 

When G acts on V on the right, it can break the gauge choice. In triangular gauge, with only 
nonnegative powers of t in V, elements of G with negative powers of t break the regularity in 
i = and one has to act on the left by a gauge transformation to recover the triangular gauge. 
Such gauge transformations belong to a very limited class of H: they must preserve the condition 
An = for n < 0. These are what are called "on-shell transformations" in |^: they preserve 
the form of the linear system (|3.2I-{|) . More precisely, they correspond to H gauge transformations 
which can be seen as compensating transformations for the action of G in a fixed, triangular 
gauge. Consider indeed an infinitesimal f) gauge transformation with parameter 

6E = Y,{t''S^P + t~''r{6Q) (3.36) 



which preserves the property An = for n < 0. By summation of (|3.34)) for negative n, this 
means that 



d6E + 



SE,g 



(3.37) 



must not have poles in t = 0: only nonnegative powers of t are allowed: 



Vd(y-^6EV^ V"^ = dSE + 6E,g = 50(x, t) (3.38) 

for some function (5(/>(x, t) holomorphic in t = 0. As V is also holomorphic in i = 0, this is also 
the case for V~^64>V = d(V~^dEV]. It follows that V^^6EV can be written as 

V-^6EV = 6A{t) + 6^(x, t) (3.39) 

where A(i) is constant but may have negative degree components in its t-expansion whereas $ 
has no negative degree (with respect to t) component but is generically not constant in x. The 
gauge transformation 

V — >{1 + 6E)V (3.40) 

can thus be written as 

V — >V + V6A + W$ . (3.41) 

It means that any gauge transformation of this kind can be seen as the compensator for a global 
transformation 

V — >V{1- SA) : (3.42) 

it kills precisely the negative degree part of this transformation. It induces also a transformation 
of the physical fields 

P^P + ^[6Cp + r{6Cp),*PP] , (3.43) 



where the t{6^p) are the negative degree components in the expansion of V6AV ^. In lightcone 
coordinates, ()3.43|1 reads 

P±^P±+\5E{Tl),P±\ . (3.44) 
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3.2 Supersymmetric model 

In view of what we intend to study in following sections {N = 16 supergravity) , we consider 
now supersymmetric models with at least A^ = (1, 1) supersymmetry. (Results are not hard to 
adapt for chiral supersymmetry, see |,Slj.) 

In superspace with fermionic coordinates 9~^ and 6~ , the supersymmetry generators are 

Q± = J± - O^di (3.45) 

and the supercovariant derivatives are 

D± = ^ + 0^d± . (3.46) 

These definitions gives anticommutation relations 

[Q±,Q±] = -d± [Q±Mt] = 

[D±,D^] = d± [D±,D^] = (3.47) 

[Q±,D±] = [Q±,D^] = 0. 

3.2.1 Description of the model 

We consider a set of even superfields encoded in V{x^,6^) G G/H: 

V={1 + e+x+ + O'X- + 0+d-{v + X-X+)) V (3.48) 

where V is a representative in G of its class in G/H and ^± and v belong similarly to the Lie 
algebra g. The super-field strength is given by the pair of odd superfields 

G± = D±VV-^ (3.49) 

which can be decomposed on (^ © P)-*- as G± = X± + Y±. X± is the f) gauge connection and and 
Y± the H-covariant field strength. Under a gauge transformation 



they transform indeed as 



V{x 


,0) 


— > Z{x 


,e)v{x,e) 


x± - 


_^ 


D±ZZ-^ 


+ zx±z-^ 


Y± - 


-^ 


ZY±Z'^ 





(3.50) 



(3.51) 
(3.52) 

From its definition, G± satisfies a supersymmetric version of the Bianchi identity^, 

D+G- + D.G+ = [G+, G_] , (3.53) 

which after projection on f) and t}-*- reads 

(D+y_-[x+,y_]) + (i^_y+-[x_,y+]) = o (3.54) 

D+X^ + D^X+-[X+,X4 = [Y+,YJ\ . (3.55) 



^For odd fields as G±, brackets are of course anticommutators. 
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The super symmetric extension of the bosonic ir-model is governed by the action 
The equation of motion, written in superspace, 

(D+Y^ - [x+, y_]) - iD^Y+ - [x_, y+]) = 

is similar to the purely bosonic one written in lightcone coordinates. 

In components, the field strength G± can be computed from its definition (|H.49|) : 



(3.56) 



(3.57) 



G, 



X^ 



G. 



+ 9+ {d+VV-' + X+X+) 

+ e-{v + [x+,x-]) 

+ e+e- {d+x- - [d+vv-\x-] + [v+ [x+, x-] , x+]) 

X- 

- e+v 

+ 9-{d-VV~^ + x-X-) 

+ 9+9- {-d^x+ + [d^VV-\x+] + [v, X-]) ■ 

In addition to the decomposition 

d±vv-' = Q± + P±, 

X± and V must also be decomposed on t) © f)^ as 



(3.58) 



(3.59) 
(3.60) 



X± 

V 



xl + x± 



(3.61) 



in order to compute the connection part X± and the covariant part Y± of G± = X± + Y± . With 
such notations, the equation of motion (|3.57|) reads in components 



d+P- 



x+xt^P- 



+ (a_P+- [Q-+x±x±,P 
d-xi-[Q~ + x^x-,xt 
d+x--\Q+ + xixi,X- 



X-,X+ 



(3.62) 
(3.63) 
(3.64) 
(3.65) 



v^ is an auxiliary field which can be forgotten. x± and v^ are not involved in the equations 
of motion of physical degrees of freedom: they completely decouple and are in fact pure gauge: 
under a gauge transformation ()3.5U|) with parameter 

Z{x,9) = {l + 9+C+{x) + e-^-ix) + 9+9-{z{x)+^-{x)^+{x)))E{x) , (3.66) 

fields transform as 

^ EV 



V 

x± 

V 



sx±s ^ + e± 



:-l 



[C+,Hx-H-i] + 



(3.67) 
(3.68) 
(3.69) 
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where H is in gauge group H whereas ^± and v he in the Lie algebra f). It fohows that x± ^iid 
v^ can be set to zero by gauge transformations which do not transform other fields: only H 
acts on physical degrees of freedom, £^± and z can be used to annihilate x± ^^'^ ^''i such that 
X± = x± s-nd V = f-*- lie in t)^. (Prom the equation of motion (|3.65|) . the auxiliary field v 
vanishes completely in this case.) We thus recover the usual set of components variables for the 
super symmetric cr-model: in addition to the scalars V, there are spinors x± with value in f)-*-, 
which is a representation of I) through the Lie bracket in g. 

The model has a global (geometric) symmetry G, which acts on V by right multiplication: 

V — > VA (3.70) 
with A G G. In the parametrisation used here, where V = {1 + ...)V, only V is transformed 

V — > VA (3.71) 

while other fields are left invariant. Such a transformation can break the gauge choice which 
must be restored through a left gauge transformation, leading to the full nonlinear realization 
of the symmetry 

V{x,d) — > Z{x,e)V{x,d)A (3.72) 

where the gauge parameter Z G H depends on V and A. In a gauge where x± = and v^ = 0, 
the gauge parameter does not depend on 9: Z = H(x), where H(x) is a gauge transformation in H 
which restores the gauge choice for V. In this case, the nonlinear symmetry acts on components 
as 

V — y EVA 

X± — > Ex±E~^ 

V — > Hi;H~i . (3.73) 

In addition, there is global supersymmetry, with generators Q± defined above. With odd 
parameters e^, it acts on components as 

V — > V + e+x+V + e'x^V (3.74) 

X+ -^ x+ + ^^{d+VV-^ + x+X+)+^-iv + [x-,X+]) (3.75) 

X- -^ X--e+v + e-{d-VV-^ + X-X-) (3-76) 

y ^ y- e+d+x- + e~ {d.x+ - [d-VV-\ x+] - [v, X-]) ■ (3-77) 

This transformation breaks the (partial) gauge x± = ^, v^ = 0. It must therefore be followed by 
a gauge transformation (|3.5()|) which restores these conditions. In particular, restoring xX ~ ^ 
requires the parameter S,+ of (|3.66|) to be 

C+ = -5x1 = -e^ iQ+ + X+X+) - e- [x-,X+] ■ (3.78) 

This value plays a role in the gauge transformation ()3.69|) for v^: there is a additional term 
— [S,+,X~-] ii^ (|3.77)) coming from this gauge restoration. After restoration of the partial gauge 
X± = 0, v^ = 0, the full supersymmetry transformations are thus 

V — > V + e+x+V + e'x~V (3.79) 
X+ -^ x+ + ^^P+ + e'v (3.80) 
X- -^ x--e+v + e-p^ (3.81) 

V -^ v-e+{d+X-[Q+ + X+X+,X-]) + ^'{d-X+-[Q-+X-X-,X+]) ■ (3-82) 

If a gauge has been fixed for V G G/H, it is also necessary to add a compensating gauge 
transformation H G H acting on V. 
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3.2.2 Supersymmetric linear system 

A linear system can associated to the supersymmetric model on the same lines as for the bosonic 
case. One must consider a superfield 

V={1 + e+x+ + O'X^ + 0^0' {v + X-X+)) V (3.83) 

with value in the infinite-dimension symmetric space G/H. All fields depends on the spectral 
parameter t, with V(t) in the loop group G and x±(0 and v{t) in the loop algebra g. Two field 
configurations are equivalent if they are related by a gauge transformation Z € H: 

V — > ZV . (3.84) 

The components transformations are given in previous section, with H replaced by H: one has 
just to add twiddles to formulas. 

The super-field strength is derived from V: G± = D±VV^^ and is decomposed on f) © f)-*- 
as G± = X-i- + Y±; X± is the f) gauge connection while Y is the covariant field strength. The 
f)-*" part is 

The selfduality operator S is modified in the following way: 

S: eA±{t)^Tt^-^T{A±{t)) . (3.85) 

As in the bosonic case, the selfduality equation 

SY± = Y± (3.86) 

reduces the infinite-dimensional set of fields V to the finite-dimensional G/H a-model. The 
derivation is the same as in the bosonic case (see section [3. 1.2|) . First, we choose a triangular 
gauge for V{t): it must be regular in i = 0. The t = value of this superfield, V = V \t=o 
belongs to the coset G/H. As for the bosonic case, the selfduality constraint gives the following 
form for the Taylor expansion of G±: 

G± = X± + y± T 2ty± + 2t'^Y± T 2t^Y± + ... (3.87) 

which gives the meromorphic expression for the field strength 

G± = X± + \^Y± . (3.88) 

X± and Y± are respectively the i) and f)-*- parts of G± = D±VV^^. X± and Y± are thus the 
t = values of respectively X and Y. The Bianchi identity 

D+G- + D^G+ = \g+, gJ\ (3.89) 

gives the Bianchi identities (|3.54j) - (|3.55|) for the G/H u-model and the equation of motion (|3.57|) . 
G± reads in components 

G+ = X+ 

+ 0+ (a+vv-i + x+xh 

+ 9-iv + [x+,X~^]) 

+ e+9-(d+X--\d+VV-\x- +[v + [x+,X-],X+]) (3.90) 



G-= X- 



]+v 



+ e~ i^d-vv-^ + x-x~ 

+ 0+0- (-a_x+ + [d-vv-\x+] + [v,x-]) ■ (3.91) 
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The first component of equation H3.88() is 



X± = X± + 



lit 



X± 



(3.92) 



The degree zero gauge freedom can be used to set x± = 0. It must be noted that higher degree 
components of x± have off-sheU both t) and t}-*- components: this is ()3.92|) which set ah higher 
degree f) components to zero on-shell, in triangular gauge. (In non-triangular gauge, there can 
be such higher degree f) components in x±-) In this very particular gauge, (|3.92l) becomes 



X± 
(|3.88|) contains also the linear system for V: 



lit 



X± ■ 



d±vv-' + x±x± = [Q± + xU± + x±x±) + [^ (^± + [xl,x± 

which gives, after inclusion of (|3.92|) . 



(3.93) 



(3.94) 



(3.95) 



where the gauge field x± does not appear. An important fact is the appearance of a term of 
higher order m. u = j^f or u~^, although (|3.94|) is only of order 1 in u . This is the inclusion 
of an other order 1 equation which is responsible for higher order terms. In the gauge x = x\ 
(|3.94|) is simpler: 



d±vv-^ + x±X± = iQ± + x±x±) + [^^± 



(3.96) 



As in the bosonic case, the Bianchi identity for V leads to the equation of motion for V ()3.62|1 . 
There are two equations for v in (|3.88|) , one coming from G+ and the other from G- : 



v + [x+,X-] 






+ 



X+,X- 



1-t 



X+,X- 



+ 



x+,x' 



v'' + 



l + t 

1 

1-t 



The substraction between these two lines, after replacing x± by (|3.92|) . gives 



1-t l+t 



v^ + 



X-,X+ 



0, 



l+t 1-t 

which leads to the equation ()3.65|) for the auxiliary field v^. Finally, the solution is thus 



(3.97) 
(3.98) 

(3.99) 



V = V 



l + t 

1-t L 



X-,X+ 



(3.100) 



where v^ and x+ are pure gauge. In the gauge x± = ^^'^ ^^ = 0) the linear system p.97|l - (|3.98() 
is just 



v+ [X+,X-] 



1 1-* 

[X+,X-\ + rr— V 



l+t 



l + t 
1-t 
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(3.101) 
(3.102) 



and leads to t; = 0, and therefore v = 0. 

For x+, there are two equations in the hnear system, (|.S.92|) and 






d-X+- d-VV ,x+ -[v,x-]={d-xl- Q^,X+ 



+[^(5-xi-[Q-,xi 



^^x^ 



v',X- 



V ,X- 



M 



V ,X1 

(3.103) 



Using expressions (|3.92|) . (|3.95|) and (|3.1()()|) for x±; d-W ^ and v in this equation leads to 

'\-t 1 + t 



d.xX- Q- + x-x^.xX 







(3.104) 



1 + t 1-t^ 

This gives precisely the equation of motion 1)3. 63(1 for x+ • Similarly, combining the linear system 

\-t 



d+X- 



(•••) + 



1 + t 



with 



X- 



xl + 



1 + t 
1-t 



X- 



(3.105) 



(3.106) 



leads to the equation of motion 1)3.64(1 for x-- As for other fields, the equations simplify in the 
gauge x± = 0, v^ = 0: 



d-x+- d-vv-\x+ 



[v,X-\ 



[P-,X+] - [v,X-]) + [^ {d-X+ - [Q^,X+]) 

(3.107) 



d+X-- <9+VV Sx- -[v + [x+,X-],X+] = i-[P+,X-]-[v + [x+,X-],X+]) 

1-t 



+ 



1 + t 



{d+x--[Q+,x-]) ■ 



(3.108) 



In this gauge, we have seen that the solution to the linear system for the auxiliary field is 
V = 0. Taking this into account, the linear systems for other fields can be rewritten as 



d+vv-' + X+X+ = (Q+ + X+X+) + 



1-t 
1 + t 



-p+ 



0_vv-' + x-x- = {Q- + X-X-) + -r-P- 



i-t 



d-X^ 



x+ 
d-vv-\x+ 



1-t 

T+t 



x+ 



d+x--[d+vv-\x- 

X- 



[p_,x+] + [^(a-x+-[Q-,x+]) 



[^+,x-] + [^(9+x--[Q+,x-]) 



1 + t 
1-t 



X- 



As we have already remarked, there are only terms of order 1 in u = f j^l I 
X± by their explicit expression in t produces higher order terms for 5±VV~^. 



(3.109) 
(3.110) 

(3.111) 
(3.112) 

(3.113) 
(3.114) 

, but replacing 
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4 Linear system for supergravity 

4.1 d = 2 supergravity 

Two-dimensional A^ = 16 supergravity [32] can be obtained by dimensional reduction from 
higher dimension maximal supergravity, and especially from D = 11 supergravity |3^. In three 
dimensions, maximal A^ = 16 supergravity [3S1 has a E^g-symmetric structure. The gravitational 
field, the dreibein, is not dynamical in three dimensions. Other bosonic degrees of freedom are 
scalars which define a u-model on the noncompact symmetric space g mQei/z ■ Supersymmetric 
partners are gravitini in the vector representation of 50(16) and matter fermions in a Majorana- 
Weyl representation of 50(16), with opposite chirality with respect to matter bosons. 

In two dimensions, the dreibein split into a zweibein, a dilaton p and a Kaluza-Klein 1-form 
B. Moreover, coordinate choice and Lorentz invariance are used to bring the zveibein in diagonal 
form (conformal gauge). Finally, the dreibein reads 

M = ['f ''';) (4.1) 

The Kaluza-Klein 1-form is auxiliary in two dimensions and bring quartic spinor terms upon 
elimination J2S]; we therefore do not consider it in this paper. Similarly, the gravitini V-'a is 
split into two-dimensional gravitini ■0^ and the third component ■02 • Supersymmetry is used to 
bring the gravitini in super conformal gauge V'a — laW , analogous to the diagonal form of the 
zweibein. tp^ and ■01 are thus superpartners of respectively A and p. 
Matter bosons are scalars which parametrise a symmetric space, 

V F ^ (4 2) 

Spin{16)/Z2 ' ^ ■ ^ 

The field strength Q = dVV^^ is a 1-form with values in the algebra eg and can be decomposed 
along eg = so(16) © 50(16)-*- as Q = Q + P. Q is the gauge vector and P the covariant field 
strength. The so(16) subalgebra is spanned by elements X with usual commutation relations. 
Its orthogonal complement 50(16)-*-, with generators Y , has dimension 128 and behaves as a 
Majorana-Weyl representation with respect to 50(16): 

[x^-^,y^]=-irii,y^. (4.3) 

The algebra is closed with commutation relations for noncompact generators 

[Y^,Y^]=lriU'' ■ (4.4) 

(A proof of the Jacobi identity for these commutators can be found in ISH].) In this basis, the 
field strength reads 

g = Q + P = -Q^-^X^^ + P^Y^ (4.5) 

with indices /, J running from 1 to 16 and A from 1 to 128. From (|4.3|) the action of 5o(16) on 
the covariant field strength components reads 

^ij . pA ^ ir^-^pB . (4.6) 
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Matter fermions have opposite chirality with respect to so (16) and are parametrised as x ■ 
They transforms under the so (16) action as 

X" . x^ = \T'^y . (4.7) 

The Z2 quotient in (|4.2|) is such that bosons are single-valued with respect to the gauge action 
whereas fermions are double- valued. 

After a rescaling of fermions by a factor (— iA)2 , the equations of motion can be put in the 
following form, up to higher order fermionic terms |28j . 

p-iD_ (p (P^ - 2i^i^T^^^xi\\ ^ (-Ix^ry^X? + 2i^i_i^i) T^/^P^ 
+P-'dJp (p^ + 2^Pi_^^^^xA) + (-Ixir'/^xf - 2^Pi+^Pi) T%P^ 



--^DJp-2x^) = T^4t^'^aP± (4-9) 



P 



1 
2 
d+d-p = (4.10) 

D±{p^i^) = (4.11) 

d+d^a = -^P^P^+(^^iD^^i + x^D^X^) (4.12) 

-'d±pd±a = lp^Pi + xiD±xi±4^i±r'^AxiP^ 

±^ip-^D^ {p4^) ± ^i^D^^i (4.14) 

Tp-'^±W±) = ^d±'y^L + P'^d±P^±-P±^AA4 (4-15) 

where a = ln(A) and a = a — ^ln(9+p9_p), which behaves like a genuine scalar. D± are 
covariant derivatives with respect to so (16): 

D±p^ = a±p^ + ^g^-^r^ijP^ (4.16) 

D^X^ = d^x^ + \Q'^T'^y (4.17) 

D±^^ = d±^^ + Q^^^^ . (4.18) 

(|4.8|) and (|4.9|) are the equations of motion of matter. (|4.inj) to (|4.13|) are the equations for 
the gravitational sector. ()4.14|) and 1)4. 15(1 are respectively the conformal and superconformal 
constraints; they are obtained through the variation of gravitational fields which are set to zero 
in superconformal gauge, the diagonal, traceless part of the metric and the gravitino. The first 
order equation (|4.14|) together with other equations of motion implies the second order equation 
for the conformal factor (|4.12p . 

Reparametrisation and local supersymmetry are used to fix the superconformal gauge: there 
remains only superconformal invariance. Conformal transformations are parametrised by chiral 
functions f~^{x~^) and f~{x~) {d^f^ = 0). Scalars have weight 0, spacetime derivatives weight 
1, whereas fermions have weight i^: 

p{x+,x-) -^ p{f+{x+),r{x~)) (4.19) 

d±p -^ {d±f^)d±p (4.20) 

^± -^ {d±f^)h± (4.21) 
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-2eiT^^j^xiY^ 


5±xi - 


= 4ri,P.- 


±2e4^|± 


jiVL = 


= Te^5±/>/5-i 


-2e4^4 


<5±v± = 


= D±e4 + a±ae^ 



and similarly for other field (recall a behaves as a scalar but not a). In the same way, equations 
are invariant under local supersymmetry transformations with chiral parameters e^ such that 
D^ez^ = (up to cubic fermionic terms): 

5±VV-^ ■■ 

5±pp-^ = ±2eii>i^ <5±V|± = Teid±pp-^ (4.22) 

5±a 

The usual supersymmetry transformations are in fact 

Sr'^'iei) = y^p 6'r' i-m=) (4-23) 

which replaces dj-a is replaced by d±a in the last line of (|4.22|) . 

4.2 Fields 

In analogy with the rigid supersymmetric case linear system (|3.109|) ~ H3.114() and from what 
is already known in the supersymmetric case, we consider fields with an infinite number of 
components. The matter scalars V{x) S g inii6)/z ^^^ extended to an element of the infinite- 
dimensional symmetric space: V € E8/K(E9). (Eg is the loop group extension of Eg. K{E^) = 
K{Eq) is its maximal "compact" subgroup. See section [2Tl ) 

From supersymmetry transformations 1)4. 22() . the gravitini ^^ can be considered as a gauge 
field for supersymmetry variations, and they are superpartners for the conformal factor. As 
this field is not promoted to a t-dependent field in the purely bosonic case jHllSni) gravitini xp^ 
and therefore supersymmetry parameters e^ are also kept t-independent. This means that the 
supersymmetry parameters e^ are taken in the finite-dimensional, doubled-valued representa- 
tions 16-1- described in section 031 This gives two distinct representations of K(E9) for left and 
right-handed e^ (and ip±). 

From the supersymmetry transformations, if matter bosons are in gQCig^w^ ^^'^ supersym- 
metry generators in 16±, then matter bosons must lie in 16-t x goneVz • Matter fermions 
are thus infinitely "dualised" to an infinite tower of fields x±- More precisely x± ^^^ taken in 
the truncated infinite-dimensional representations of K{Eg) which are described in section ITU 
where there is a Majorana-Weyl fermion at the first level in u^ = j^. 

The E8/K(E9) coset describing matter bosons is in fact extended to a E9/K(E9) symmetric 
space when the conformal factor is considered [Z1I3- In the absence of fermions, the central 
charge is coupled to a field a = a — ^ln{d-^-p) — ^ln{d-p). Including fermions, we define the 
field associated to the central charge a to be, up to higher order fermionic terms, 

— 5Ma.P)-iMa-„-^--|f. ,4.4, 

It has been seen in section ITU that under the action of H € K(E9) on the coset E9/K(E9), this 
field transforms as 

a — > a + n{E,V) (4.25) 

where Q is the group 2-cocycle defining the central extension |^. 



23 



Its supersymmetric partner is parametrised as 

^j I J ld±api4^ I D±{P^L) l {P±,xi) ,,„.. 

V'± = oV'± + o — ^ o ^ o^ ' (4-26) 

2 2 d±p 2 d±p 2 p ^d±p 

up to higher order fermionic terms. This fermionic field is combined with matter fermions x± 
into a subspace of 16± x [eg/i{eg)) (the conditions which can be imposed on x± to reduce the 
representation are not modified). Thus ipi. transforms under H E K(E9) as 

V^4 -^ {E\,=:,,Y'^(ipi + n'{E,xi)) (4.27) 



where il.' is the mixed cocycle introduced in |31. 

The dilaton p is extended to an element of the coset VV//C, i. e. to a function t = f{s) 
modulo the left action of diffeomorphisms k{t) preserving the unit circle [01: 

/ -^ kof . (4.28) 

There is a natural right action of W defined by composition on the right: 

/ -^ fog. (4.29) 

The field f depends on spacetime position, and /C is a gauge group with local action. The 
derivative d/ o f~^ is a 1-form with values in the Witt algebra coset tv/t. It is invariant under 
the global right action of W. As for matter bosons, a gauge can be fixed and this would generate 
compensating /C transformations on d/ o /^^. 

Its supersymmetric partners are t-dependent fermions V'li with values in the Witt algebra. 
We can decompose them as 

V^L = ^i±tdt (4.30) 

or 

V^L = i^2±u^d^^ (4.31) 

with u^ = Y^. ^2± ^^'^ ^2± ^^^ related by 



^2^ = frr2^2i' ■ (4.32) 

Naively, the additive gauge would be the "maximal compact subalgebra" t, acting as 

t^L -^ ^L + Cl (4.33) 

for C,j^ € fk. In fact, the equations of motion will only be invariant under the subgroup l± dl 
of functions C,^ (t) with vanishing derivative, in the variable i, at i = =pl. As a consequence, 
the usual triangular gauge condition with only positive powers of t cannot be imposed; one can 
however impose a gauge condition with an expansion in t starting at degree —1: 

V^2^ = -/2'ti + <% + t4t + t'4% + ■■■ (4.34) 

(In this case, il'2± — V'2± ^^t is regular in t: it does not introduce singularities in t = when 
acting on a regular function of t.) 
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It was shown in j^j that all bosons of maximal d = 2 supergravity form a coset with a semi- 
direct structure coming from the action of reparametrisation of the t variable on i-dependent 
matter fields: 

In the same way, fermions are in the truncated representation 



(4.36) 



where T denotes the truncation of the direct product described in section 12.11 Because of the 
presence of t± instead of i in the denominator, this is in fact a reducible representation of K(E9) 
and K ix K(E9): it is the direct sum of the irreducible representation described in section |2 
and one copy of the trivial representation 



16± xt 



ro IX 



t9_\ 



16± Xt 



tt) IX eg 



(4.37) 



The additional field will in fact be related to supersymmetry variations, studied in section 14.61 



4.3 Selfduality constraint 

In [3()j . it was shown that the linear system of d = 2 supergravity can be generalised in a 
/C X K(E9)-gauge covariant way as a selfduality equation. We give here the fermionic corrections 
to bosonic equations and the parallel selfduality constraints for fermionic fields. 
A field strength {J^±, Q±, T,±) is defined as 



:F± = d±for^dt+yi±,-24.^ 



^2± 



(4.38) 



g± = d±vv-^ + 



d±fof-'dt,V 



v-' + 



^L.-'^xi 



+ ^(xi,xi)^'-'-4V;rV': 



liu)^mxIJ 



(4.39) 



t± = d±a-n'(y-\G±)-oj{x±,x±) ■ (4.40) 

The bilinear form (•, •) in the definition of Q± is the Eg Killing form, acting pointwise with 
respect to t: the term \(x±^X±)-^^'^ ^^^ thus a t dependence. 

This field strength is decomposed on invariant and anti-invariant parts under the involution 

Tix as 

T± = N± + M± . (4.41) 



Q± = Q± + P± (4.42) 

where N± and Q± are respectively /C and K(E9) gauge connections whereas \M±,P±,Ti±\ is 
covariant with respect to /C x K(E9). In fact, this decomposition is considered at a purely 
algebraic level: Q± and P± are formal sums of elements of t{t%) and l{t^)^ , without performing 
summations and similarly for N± and M±. 

We define a /C x i^(£'9)-covariant derivative using N± and Q±: 



D± = d± + Q± + N± 



(4.43) 
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Using this covariant derivative, we define^ (^2±)^±)^±) as 







{AAA) 



where the covariant derivative acts as described in section [TH 




/ d±i^, 



2T 



+ 



n±aL +Q'^\t=±i^L + Ci 



d±xl+ N±,xi + Q±,xi 



2T 

+ Qi'\t=±ix 



\ 



\ a±4 + ^io{Q±, xi) + Q'i' \t=±i ^-. 



^2$tdtQ^^ + ii 



'^i 



I 



(4.45) 

where C± ^ ^ and ^^ ^ '^(^g) ™ay be adjusted to preserve some gauge choice. (The very exphcit 
transformations in the triangular gauge are given in section |^3J) 

Eventually, we have bosonic fields ( /, V, e'^ ) with left and right "field strength" 



(4.46) 



/,V,e'^ 



Similarly, fermionic fields ( ^2± ■, X± > V'i I have left and right "field strength" 




V'2±,X±,^: 



± 



V'2t>XT'V't 



(4.47) 



For bosons, there are two derivatives. For fermions, there is one derivative and one (d = 2) 7 
matrix which changes the chirality. 

A selfduality equation is written in the same way as in 0Q] where it was done for the bosonic 
sector. Bosonic and fermionic "Field strength" are decomposed respectively on 



I tx ^(eg) © (t K ^(eg))- 



and 



16± XT (6 x «(eg)) © 16± XT (6 x «(eg))-^ 
We denote collectively this decomposition by 



x±^y± 



(4.48) 
(4.49) 



(V'2±,X±,'0± 



(4.50) 



where X± is the "gauge" compact part and y± is the covariant noncompact part. 
The duality operator S is 



S: 



a±Ln — 


-^ ±a±Li_„ 


l3±e'T - 


-^ T/3±t^-"r(r) 


7±c - 


-^ -7±c 



(4.51) 



*Here, X is a capital x- 
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where T is any generator of eg- For fermions, the index / corresponding to the 16± factor is left 
invariant. Using this operator, we can write a selfduahty equation 

Sy = y. (4.52) 

We claim the following 

1. This equation is preserved by all gauge transformations: it is covariant under the gauge 
action. 

2. This equation reduces the infinite-dimensional fields to the fields of maximal d = 2 super- 
gravity with their equations of motion. 

These two points are the objects of the next two sections. 

4.4 Solution of the selfduality equation and gauge-covariance 

The solution of the selfduality equation is obtained on the same line as in section 13.1.21 Let us 
start with the bosonic field J-. It can expanded in t as 

^^{t) = ^rj'^^hdt. (4.53) 

The noncompact part is the part anti-invariant under the involution r^ described in section [TJJ 

i^r(4")+.Fi-"))ta,. (4.54) 

neZ 

The selfduality equation 1)4. 52() is solved for this field as 



i / „(n) ^{— n) 



^[j^r+^r') = iTrM^ (4.55) 

which reduces the infinite tower of fields to a single field M±. In exactly the same way, the 
solutions for the fermionic partners 

V^2± = E*>2±^*9* (4.56) 

nGZ 

and 






*2± = E*"^2± *5* (4.57) 



are 



1 / ,/(n) , ,,/(-n)\ _ /_^Nn ,,/ 



2 
For matter fields, the bosonic field Q± is expanded as 

nGZ 



V'2r+^2r^j = (T)>L (4.58) 

' ^^2!"^ + ^2i""^) = iTrH± ■ (4.59) 



G±it) = Y,rg^±^ (4.60) 
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where (/(") are 1-forms with value in the Lie algebra eg. The nonconipact part is 



2 

according to the definition of the involution r given in section 12.11 r is the involution preserving 
the maximal compact subalgebra so (16) of eg- The solution to the selfduality equation reads for 
these fields reduces again the infinite tower of fields to a single field: 

V^i")-r(^i-"m = (±rP±. (4.62) 



2 

The case n = in this formula tells that P± must be noncompact: 

p^ = p^y^ . (4.63) 

Similarly the infinite tower of fermionic fields 

nez 
x4(t) = ^t"X±(") (4.65) 

n.eZ 



has for solution to (|4.52p 



^(xr-r(xr")))=(T)"x4 (4.66) 



^ Xr^ - r Xr "M = (^r^i (4-67) 



with 



Xi = xk^Y^ (4.68) 

and the analogous for X^ . Because of the truncation which enters the definition of the fermionic 
representation, and due to the fact that there is no contribution of the compact part of x± in 
the Ya at t = =f1) X± is in fact a Majorana-Weyl fermion: with 

xi = r^^x^y^ (4.69) 

and the same for the covariant derivative X^. 

Finally, for the fields associated to the central charge the selfduality equation ()4.52|1 reads 

S = (4.70) 

V^4 = (4.71) 

$4 = 0. (4.72) 

Let us analyse the diff'erent gauge symmetries of the model. The begin by the linear fermionic 
gauge transformations. ip2± has values in tr/fi': it is defined modulo the gauge transformations 

i^L -^ ^L + CL (4.73) 
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M± - 


-^ M±- 


- 2dt5k |i=^i M± 


i^L - 


- ^L- 


- 29i5A; |t=zpi V'L 


^L - 


- ^L 


-25t(5A:|i=^i^^± 


p± - 


- p±- 


-5i(5A;|i=zpi P± 


xi - 


- xi- 


-dtSk\t=^i x± 


xi - 


- xL- 


-dt6k\t=^iXi . 



for ^^ G 16± X 6± where t± are element of 6 with vanishing derivative at t = =pl. As this 
transformation changes only the compact part of V'2±' i^ ^^^ '^o effect on the noncompact part 
and therefore on the selfduality condition for this field. However, ^2± appears also in the 
definitions of T, Q, ^2 ^^^ X . In fact, with the condition that the derivative of C,± vanishes 
at t = =f1) it can be checked that the transformation (|4.73p preserves the selfduality condition 
and leaves all reduced fields M±, P±, ip2, ^2±' X± aiid ^± invariant. (The effect of a C± with 
nonvanishing derivative at t = ^1 will be studied in section H^ ) 
Similarly, the transformation 

X± -^ X± + V± (4.74) 

does not break the selfduality equation and leave all reduced fields invariant, except P± which 
transforms as 

P± -^ P±-2^i^dtli\t=^i . (4.75) 

The gauge action of K, for an infinitesimal element 5k ^ t preserves also the selfduality 
condition, with the following transformations of reduced fields: 

(4.76) 
(4.77) 
(4.78) 
(4.79) 
(4.80) 
(4.81) 

The action of K(E9) for an infinitesimal 5h € ^(eg) also preserves the selfduality equation, 
with the transformations of reduces fields 

M± — > M± (4.82) 

V-li -^ 4^ + Sh'^ \t=^i i^i^ (4.83) 

^^± -^ ^L + '5^" |t=Ti ^2± (4.84) 

P± -^ P± + [6h\t=^,,P±]-M±{tdt6h)\t=^i (4.85) 

X± -^ x±+[Sh\t=^i,xi]+Sh''\t=^ixi-{i^Litdtdh)\t=^i)^ (4.86) 

Xi -^ Xi+ [6h\t=^i,Xi] + 6h''' |i=^i Xi - {^^^{tdtdh) \t=^i)^ . (4.87) 

As x± = ^^AA^^^^^ ^^^ *^° terms [(5/i|i=:pi,x±] + ^h^'^ \t=^:i X± reduces in fact to the trans- 
formation for a Majorana-Weyl fermion -gdh^'' \t=^i ^^\p,X±- In addition, the projection T on 
the Majorana-Weyl representations can be explicitely written as 

{^l>i^{tdt5h) |i=^i)^ = i,i^ {^'^^)ab itdtSh'') \t=^i Y^ . (4.88) 

The transformation (|4.86|) and similarly (|4.87|) can thus be rewritten in term of x± ai^d X^ as 

xi ^ xi + \sh'' lt=^i ry^x^ ± i^Lr'^^dtdh'' \t=^i (4.89) 

and 

xi ^ Xi + ^Sh'-' |,=^i ry^xf ± ¥,^T'^^dt6h'' |,=^i (4.90) 
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We have thus worked out all gauge transformations for the various fields. The selfduality 
equation is preserved by all transformations and the reduced fields see a very little part of the 
gauge group /C k K(E9): only the first derivative dtSk |t==pi of the K. component at t = =Fl {^k 
vanishes at t = =Fl) smd the value 5h^^ \t=^i and the first derivative dt6h \t=^i of the K(E9) 
component at the same point t = =pl. 

4.5 Linear system in triangular gauge 

The physical content of the theory, with the usual fields, is recovered in triangular gauge. In 
this gauge, fields are regular in t at t = 0. This means that V and x are holomorphic at f = 
and have a regular Taylor expansion. In particular, the usual physical field V is recovered as 
V{t = 0) and similarly for x- f leaves the origin invariant: /(O) = and can be expanded around 
this point. The dilaton p is the first coefficient of this expansion: p = dsf{s = 0). Because it 
has values in the coset ni/t±, ip2 can only be put in the form 

V^2 = ^ ^2{n)Ln = V'2(-l)i"+'5i . (4.91) 

n>-l 

In such a triangular gauge, the solution to the selfduality condition (|4.52|) simplify. For 
example, x has for solution in a general gauge 

Xi(„) - r(xi(-„)) = 2(T)"r^^xil^^ . (4.92) 

In the triangular gauge, all negative degree components vanish: X4-c„„) = for n > 0. This 
gives immediately 

Xi(„) = 2(T)"r^^xii-^ (4.93) 

The expansion reads therefore 

Xi = r'^A^iY^ ^ '^Ka^±'^^ + ^i'^'AA^i^^ + ■■■ (4-94) 

and can be summed into 

xi = ^r^,x^y^ . (4.95) 



The solution to the selfduality constraint in triangular gauge can be derived for other fields 
in the same way. The result is the following. 



^2± = (^-t]D±i^i^^_^^tdt + ^^D±iji^tdt 



(4.96) 
(4.97) 
(4.98) 



0± = {q± + \xir^/^X^X^' - levLc-DV's^iC-i)^") + T^(^± ± 4V'L(-1)XD (4-99) 



x± 



I — ^^* ,A-p/ vA 



X±r',Y^ (4.100) 



lit-^^ AA 
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E = 


= 


i^i - 


= 


K - 


= 



(4.102) 
(4.103) 

(4.104) 

The compatibility of these different equations gives the equations of motions for all fields. 
The equations H4.102() and (|4.1U3|) are the conformal and superconformal constraints ()4.14() and 
(|4.15|) . It can be checkeji that (|4.104|) is compatible with (|4.103|) . 

When the value of ip2 given by 1)4. 97() is used in 1)4. 96() , this equation reads 

d±for'dt = \^^d±pp-hdt (4.105) 

which implies equation (|4.1UI) . Taking into account 1)4. 96(1 and 1)4. 97() . ()4.98|) reduces to the 
equation of motion for ^2± (|4.11|) . up to cubic fermionic terms. 

Similarly, with all fields replaced by their values, H4.101|) gives the equation of motion for 
X± (|4.9j) . Replacing fermionic fields by their explicit solutions (|4.97j) and (|4.10fl|) . Q can be 
expressed as 

g± =d±vv-^ + d±fof-^dtVV-^ 






f f2 



With this expression on the left handside, equation (|4.99j) takes the form of the linear system 
introduced in j^H], with V'i replaced here by 4'02±(_i)- Its compatibility conditions gives in the 
usual way the equation of motion 1)4. 8|) for matter bosons V but also all equations for fermions, 
according to [2HI ■ Furthermore, these equations are exact and include all higher order fermionic 
conditions. In particular, it implies the equation for 4^2+(_iv which replaces here "0^: 

T diapipL D±{pipL) {P±,x+) , . 

*- ' o±p o±p P" o±p 

Here, tp^ appears in the definition of a and Tp. In particular, equation (|4.1()3j) reads in term of 
usual fields 

r d±apipL D±(pipL) {P±,xi) . . 

o±p d±p p-^d±p 

which is exactly the same equation as (|4.107|) . As a consequence, the compatibility of the full 
set of equations (|4.96|) - ()4.1U4|) implies 

^Li-i) = \^± ■ (4-109) 

Finally, equation ()4.1U2[) is the conformal constraint 1)4. 14() . 
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4.6 Supersymmetry 

Supersymmetry transformations can be defined for the infinite-dimensional fields. Up to higher 
order fermionic terms, the supersymmetry generators act on bosons as 

S± (/,V,e^) (/, V,e^)~' = ei (v^L,xi,^4) (4.110) 

which reads explicitely 

5±fof-^dt = ±2ei^i^ 

5±yy-^ + 5±fof-^dtyy-^ = -2eixi (4.iii) 

up to various gauge transformations. For fermions, the transformations are, at the first order in 
formions, 

^±^L = i (i - (^±4 + 5±<^4) i^t T 4^± 

up to additive gauge transformations for ^2± ^^^ X±- These supersymmetry transformations 
preserve the selfduality condition and therefore the equations of motion for the physical fields. 

Aknowledgments 

This work is partially supported by IISN - Belgium (convention 4.4505.86), by the "Interuniver- 
sity Attraction Poles Programme - Belgian Science Policy" and by the European Commission 
FP6 programme MRTN-CT-2004-005104, in which we are associated to V.U.Brussel. 

References 

[1] R. Geroch, A Method for Generating New Solutions of Einstein's Equation. 2, J. Math. 
Phys. 13 (1972) 394. 

[2] D. Maison, Are the Stationary, AxiaUy Symmetric Einstein Equations Completely Inte- 
grable?, Phys. Rev. Lett. 41 (1978) 521. 

[3] V. A. Belinsky, V. E. Zakharov, Integration of the Einstein Equations by the Inverse Scat- 
tering Problem Technique and the Calculation of the Exact Soliton Solutions, Sov. Phys. 
JETP 48 (1978) 985 [Zh. Eksp. Teor. Fiz. 75 (1978) 1953]. 

[4] P. Breitenlohner, D. Maison, On the Geroch Group, Ann. Inst. Poincare 46 (1987) 215. 

[5] E. Cremmer and B. Jufia, The S0(8) Supergravity, Nucl. Phys. B 159 (1979) 141. 

[6] B. Julia, Group Disintegrations, LPTENS 80/16 Invited paper presented at Nujfield Gravity 
Workshop, Cambridge, Eng., Jun 22 - Jul 12, 1980 

[7] B. Julia, Infinite Lie Algebras In Physics, LPTENS-81-14 Invited talk given at Johns Hop- 
kins Workshop on Current Problems in Particle Theory, Baltimore, Md., May 25-27, 1981 



32 



[8] P. Breitenlohner, D. Maison, Explicit and Hidden Symmetries of Dimensionally Reduced 
(Super) Gravity Theories, in "Retzbach 1983, Proceedings, Solutions of Einstein's Equa- 
tions: Techniques and Result", eds. C. Hoensealers and W. Dietz, Springer (1984) 276 
MPI-PAE/PTh 1/84. 

[9] B. Julia and H. Nicolai, Conformal internal symmetry of 2d sigma-models coupled to gravity 
and a dilaton, Nucl. Phys. B 482 (1996) 431 |arXiv:hep-th/9608082| . 

[10] D. Bernard, B. Julia, Twisted Self-Duality of Dimensionally Reduced Gravity and Vertex 
Operators, Nucl. Phys. B 547 (1999) 427 arXiv: hep-th/9712 254 . 

[11] T. Damour and M. Henneaux, E(10), BE(IO) and arithmetical chaos in superstring cosmol- 
ogy, Phys. Rev. Lett. 86 (2001) 4749 arXiv: hep-th/0012172| . 

[12] T. Damour, M. Henneaux and H. Nicolai, E(10) and a 'small tension expansion' of M 
theory, Phys. Rev. Lett. 89 (2002) 221601 |arXiv:hep-th/0207267| . 

[13] T. Damour, M. Henneaux and H. Nicolai, Cosmological billiards. Class. Quant. Grav. 20 
(2003) R145 jarXiv:hep-th/0212256t . 

[14] T. Damour and H. Nicolai, Higher order M theory corrections and the Kac-Moody algebra 
E(10), Class. Quant. Grav. 22 (2005) 2849 ,arXiv:hep-th/0504153, . 

[15] P. C. West, Hidden superconformal symmetry in M theory, JHEP 0008 (2000) 007 
| arXiv:hep-th/0005270, . 

[16] P. C. West, E(ll) and M theory. Class. Quant. Grav. 18 (2001) 4443 
|arXiv:hep-th/0104081, . 

[17] I. Schnakenburg and P. C. West, Kac-Moody symmetries of HB supergravity, Phys. Lett. 
B 517 (2001) 421 ,arXiv:hep-th/0107181 . 

[18] F. Englert, L. Houart, A. Taormina and P. West, The symmetry of M-theories, JHEP 0309 
(2003) 020 a rXiv:hep-th/0304206. . 

[19] F. Englert and L. Houart, G+-/-+ invariant formulation of gravity and M-theories: Exact 
EPS solutions, JHEP 0401 (2004) 002 a rXiv:hep-th/0311255. . 

[20] F. Englert, M. Henneaux and L. Houart, From very-extended to overextended gravity and 
M-theories, JHEP 0502 (2005) 070 arXiv:hep-th/0412184 . 

[21] P. Henry-Labordere, B. Julia and L. Paulot, Borcherds symmetries in M-theory, JHEP 
0204, 049 (2002) arXiv:hep-th/020 3070 . 

[22] P. Henry-Labordere, B. Julia and L. Paulot, Real Borcherds superalgebras and M-theory, 
JHEP 0304, 060 (2003) arXiv:hep-t h/0212346 . 

[23] S. de Buyl, M. Henneaux and L. Paulot, Hidden symmetries and Dirac fermions. Class. 
Quant. Grav. 22 (2005) 3595 ar Xiv:hep-th/0 506009 . 

[24] S. de Buyl, M. Henneaux and L. Paulot, Extended E(8) invariance of 11-dimensional su- 
pergravity, JHEP 0602 (2006) 056 |arXiv:hep-th/0512292| . 

[25] T. Damour, A. Kleinschmidt and H. Nicolai, Hidden symmetries and the fermionic sector 
of eleven-dimensional supergravity, Phys. Lett. B 634 (2006) 319 arXiv:hep-th/0512163| . 



33 



[26] H. Nicolai and N. P. Warner, The Structure Of N=16 Supergravity In Two-Dimensions, 
Commun. Math. Phys. 125 (1989) 369. 

[27] H. Nicolai, New linear systems for 2-D Poincare supergravities, Nucl. Phys. B 414 (1994) 
299 arXiv:hep-t h/9309052 . 

[28] H. Nicolai and H. Samtleben, Integrability and canonical structure of d = 2, N = 16 
supergravity, Nucl. Phys. B 533 (1998) 210 arXiv:hep-th/9804152 . 

[29] H. Nicolai and H. Samtleben, On K(E(9)), Q. J. Pure Appl. Math. 1 (2005) 180 
arXiv:hep-th/0407055 . 

[30] L. Paulot, Selfduality of d = 2 reduction of gravity coupled to a sigma-model, Phys. Lett. 
B 609 (2005) 367 arXiv:hep- th/041 2157 . 

[31] L. Paulot, Superconformal selfdual sigma-models, JHEP 0410, 071 (2004) 
arXiv:hep-th/04040 27 . 

[32] V. Kac, Infinite Dimensional Lie Algebras, Cambridge University Press (1990). 

[33] H. Nicolai, Two-Dimensional Supergravities, Hidden Symmetries And Integrable Systems, 
KA-THEP-87/10 in Particle Physics, Cargese 1987, eds. M. Levy, J.-L. Basdevant, M. Ja- 
cob, D. Speiser, J. Weyers, R. Gastmans, N.Y., Plenum Press, 1988. 

[34] E. Cremmer, B. Julia and J. Scherk, Supergravity Theory In 11 Dimensions, Phys. Lett. B 
76 (1978) 409. 

[35] N. Marcus and J. H. Schwarz, Three-Dimensional Supergravity Theories, Nucl. Phys. B 
228 (1983) 145. 

[36] B. de Wit, A. K. Tollsten and H. Nicolai, Locally supersymmetric D = 3 nonlinear sigma 
models, Nucl. Phys. B 392 (1993) 3 _arXiv:hep-th/9208074_. 



34 



